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W CORNER

AL Mathematics (P3)

Topic 4
Logarithmic and Exponential Functions

Question 1

Solve the equation In(2+e™*) =2, giving your answer correct to 2 decimal places. [4]

[JO9/P3/Q1]

Suggested Solution:

In2+e™)=2
- 2 Remember:
2+e " =e

e ¥ =e?-2

-x=1In(e? -2)
x=-In(e*-2)
x =—In(5.389056)
x=-1.68 (Ans).

If Inx=u = x=¢"
Conversely

If x=e = u=lnx

Question 2

Solve the equation
In(5-x)=In5-Inx,

giving your answers correct to 3 significant figures. [4]
[NO9/P3/01]

Suggested Solution:
In5-x)=In5-Inx

5
In5-x)= ln[—j Note that:

x
. é = -
5—x=§ In(b) Ina-Inb

X
e In(axb)=Ina+Inb

5x—x*=5
« In(a’) =blna

x*=5x+5=0
applying quadratic formula,

I GE: V(=52 —4()(5) _5+4/25-20 _5+4/5

2(1) 2 2
5+4/5 _5-45
or x=
2 2

= x=3.62 or x=138 (Ans).

Question 3

X
Solve the equation 2+l =5,
2% -1
giving your answer correct to 3 significant figures. [4]

[110/P3/0Q1]
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Suggested Solution:

2% +1
=5

2" -1

Let 2" =y
+
y*rl_s
y-1
y+1=5(y-1)
4y=6

y=1.5
= 2'=15

log(2*) =log(1.5)
xlog(2) =log(1.5)

x= 1°g1'25 =0.585 (Ans).

log

W CORNER

Question 4

Solve the equation

In(l+x*)=1+2lnx,

giving your answer correct to 3 significant figures. [4]
[N10/P3/Q2]
Suggested Solution:
2 Recall:
Ind+x")=1+2Ilnx
s « In(&)=Ina-Inb
= Wi+ -2hx=1 = hi+P)-he=1 = | |= o
ni T nx= mira)—lnx= N ) + In(@@xb)=Ina+Inb
+42 « In(@®)=blna
= lizx:e = 1+ zex? = exr-x*=1 = xX(e-1=1
X e Ine=1
D S «Inx=1 = x=¢
(e=D el « Remember that log
x=0763 or  x=-0.763 (rejected) of a negative number
is not defined.
O x=0.763 (Ans).
Question 5
(i) Show that the equation
log,(x+5)=5-1log, x
can be written as a quadratic equation in x. [3]
(ii) Hence solve the equation
log, (x+5) =5-1log, x. [2]
[J11/P3/Q2]
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Suggested Solution:
(6)) log,(x+5)=5-1log, x
log,(x+5)+log, x=5
log, x(x+5) =5
x(x+5)=2°
xF+5x=32
x> +5x-32=0 (Shown).
(ii) log,(x+5)=5-log,x
using the result of part (i), the equation can be written as,
x*+5x-32=0
applying quadratic formula

x:—5¢\/(5)2—4(1)(—32) —5+25+128 -5++/153

2(1) 2 2
Lo J153 v S -J153
2 2

= x=3.68 or -8.68
as log of negative number is not defined,

O x=3.68 (Ans).

Question 6
Using the substitution u = e*, or otherwise, solve the equation
e’ =1+6e",
giving your answer correct to 3 significant figures. [4]

[N11/P3/01]

Suggested Solution:

_ 6
e'=1+6e = ex:1+—x
x

substitute u =e”,

6
= u=l+— = u’=u+6 = u*-u-6=0
u

= W -3u+2u-6=0 = u-3)+2u-3)=0 = @-3)u+2)=0
= u=3 or u=-2
= ¢e'=3 or e* =-2 (not possible)
taking In on both sides
Ine*=In3 = xlne=In3 = x=In3=1.099=1.10 (Ans).

Question 7

Solve the equation
In(3x+4)=2In(x +1),
giving your answer correct to 3 significant figures. [4]

[J12/P3/Q1]

W CORNER
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Suggested Solution: W CORNER

In(3x+4) =2In(x +1)
= InGBx+4) =In(x+1)?

= 3x+4=(x+1) = 3x+4=x"+2x+1 = ¥ -x-3=0

Recall:

. . .« bl =log, (a°
using quadratic formula, we have, 09y a=log,(a")

L= TEDEJEDP -4 » [t log,a=log,b

2(1) = a=b
1413
2
1+4/13 1-413
= x= or x=
2 2
= x=2.30 x =-1.30 (ignored)

0O x=230 (Ans).

Question 8

Solve the equation

551=5"-5
giving your answer correct to 3 significant figures. [4]
[N12/P3/Q2]
Suggested Solution:
571 =5"-5
= 5'x5'=5"-5 Note that:
let 5" =y « In(axb)=Ina+Inb
= %:y—S = y=5y-25 = 4y=25 = y=625 + In(@) =na-Inb
ie. 57=6.25 * In(@) =blna
taking 1g on both sides, e Ine =1
1g5" =1g6.25 «In1=0
1g6.2
= xlg5=1g625 = x= gl655 =1.14 (Ans).
g

Question 9

(0.64, 0.76)

(1.69, 0.32)

o

—kx?

The variables x and y satisfy the equation y = Ae where A and k are constants.

The graph of Iny against x” is a straight line passing through the points (0.64, 0.76)
and (1.69, 0.32), as shown in the diagram. Find the values of A and k correct to 2 decimal
places. [5]

[J13/P3/Q3]
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Suggested Solution:

2
y=Ae k¥
Taking In on both sides,
Iny= ln(Aekaz)
2
= Iny=hA+he®™ = hy=-k’+hA

O gradient of the line = —k

from graph, using points (0.64, 0.76) and (1.69, 0.32),

0.76-0.32 _
0.64-1.69

O -k=-0419 = £k=0419=0.42 (Ans).

gradient = -0.419

for In A, substitute (0.64, 0.76) into the equation of line,
0.76 =—0.419(0.64) +1In A
0.76 =—0.2682+In A
In A =1.0282
A=2.796=2.80 (Ans).

W CORNER

Note that:
e In(axb)=Ina+Inb
+ In(@@*)=blna

e Ine=1

Question 10

Solve the equation 2

figures.

3* -1 ‘ =3*, giving your answers correct to 3 significant

(4]
[N13/P3/Q2]

Suggested Solution:

2p*-1[=3"
= 23*-1)=3" or -23"-1)=3"
= 2(3")-2=3" or -2(3")+2=3"
= 3*=2 3" = 2
3
taking 1g on both sides,
Ig3*=1g2 or 1g3* :lg§
2
= xlg3=I1g2 or xlg3:1g§
le2
= = g or x= 23 = x=0.631 or x=-0.369 (Ans).
Ig3 g3

Question 11

Solve the equation
2In(5-¢>) =1,

giving your answer correct to 3 significant figures.

(4]
[J14/P3/Q2]
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Suggested Solution: W CORNER

2In(5-e ) =1

1 1

o 1 2 5 o > Remember:
= In(5-¢ X):E = 5-e¢"=e? = e F=5-¢2
! If Inx=u = x=¢"
= Ine? =In(5- eE) = -2x=1.2093 = x=-0.605 (Ans). Conversely

If x=e = u=lnx

Question 12

Use logarithms to solve the equation e* =3*7%, giving your answer correct to 3
decimal places. [3]

[N14/P3/Q1]

Suggested Solution:

Note that:
et =3 | Ina+I
taking In on both sides * Inf@xb)=Ina+inb
Ine* =37 = xlne=(x-2)n3 = x=xIn3-2In3 * In(§) =Ina-nb
by —
— xIn3-x=2In3 = x(n3-D=2I3 = x=—13 22281 (Ans). * In(@) =blna

3= e Ine=1

Question 13

Using the substitution u =4", solve the equation 4% +4% =4**?, giving your answer
correct to 3 significant figures. [4]

[J15/P3/Q2]

Suggested Solution:
4x +42 - 4x+2
= 47 +16=4"x47 = 4 +16=16(4")

given substitution is, u =4"

= u+l6=160 = 15u=16 = u:%
0 4=

15
taking lg on both sides

16
1g4" =1g—
g ng

16
= xlgd=lg—
g g15

= x=lgg+lg4 = 0.04655 = 0.0466 (3sf) (Ans).

Question 14

Using the substitution u = 3%, solve the equation 3* + 3% = 3% giving your answer
correct to 3 significant figures. [5]

[N15/P3/Q2]




AL Mathematics (P3)

Topic 4 Logarithmic and Exponential Functions < Page 7

Suggested Solution:
3432 =3 o 304392 = (3
substitute u =3",
= utut=’ = LP-v®-u=0 = u@?-u-1)=0
= u=0 or u?-u-1=0

= 3" =0 (no solution) using quadratic formula

L= EDEVED? 4D

2D
_1%45
u—
2
_1+45 145
u= or u =
2 2
=1.618 or =-0.618

= 3'=1.618 or

taking lg on both sides
1g3* =1g(1.618)
xlg3=1g(1.618)

_1g(1.618)

o= gT

3* = -0.618 (no solution)

=0.438 (3sf) (Ans).

Question 15

Use logarithms to solve the equation 4**~! =3(5), giving your answer correct to
3 decimal places. (4]

[116/P3/Q1]

Suggested Solution:

43):*1 = 3(5)x
3x -1 X 3\x 1 X 64 g X
= 4"x47"'=3x5)" = @) XZ:3X(5) = r =12 = 128)"' =12
taking 1g on both sides,
Igl2
12(12.8) =Ig12 = xlg(12.8)=Igl2 = x=—2"==0975 (Ans).
1g12.8
Question 16
.3 +2 . .
Solve the equation Y =8, giving your answer correct to 3 decimal places. [3]

[N16/P3/Q1]

Suggested Solution:
3 +2
3 -2
3*+2=8(3"-2)
3*+2=8(3")-16

8

3 -8(3") = -18
s
7
le(18)

lo3" =1g(§) = x= = 0.85968 = 0.860 (Ans).

g3

W CORNER
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W CORNER

Question 17

Solve the equation In(x* +1) =1+2Inx, giving your answer correct to 3 sig-

nificant figures. [3]

[J17/P3/Q1]

Suggested Solution: Note that:

In(x*+1)=1+2Inx « In(@xb)=Ina+Inb
= In(x*+1)=Ine+Inx? . In@@)=bina
In(x*+1) = In(ex?) .« Ine=1

2 2
x“+l=ex

e—1

=

=

= PEe-D=1 = x* =1 =-0581977 = x=+0763
= x=0.763 or x=-0.763 (invalidas In of -ve number is not defined)
a

x=0.763 (Ans).

Question 18

Showing all necessary working, solve the equation 2log, x =3 +log,(x+1),

giving your answer correct to 3 significant figures. [5]

[NI17/P3/Q2]

Suggested Solution:
2log, x =3+log,(x+1)

log, x* =3log, 2 +log, (x+1)

log, x* =log, 2* +log, (x+1) Recall:

« blog,a=log,(a’
log, x* =log, (23(x+1)) ? 9()

* If logya=log, b

X =8x+8 = x*-8x-8=0 =~ a=p

using quadratic formula,

‘= —(—8) £+/(—8)* —4(1)(-8) 8++/96

2(1) 2
_8 ++/96 _8 -96
x= or x=
2 2
= x=8.899 x =-0.899 (ignored)

O x=890 (Ans).

Question 19

Showing all necessary working, solve the equation 3‘2’“ —1‘ =2%, giving your
answers correct to 3 significant figures. [4]

[J18/P3/Q1]
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Suggested Solution:

3

2* - =2"
Let 2x:y = 3|y—1|:y
squaring both sides,
2
= (3y-1]) =y
= 9(y*-2y+1)=)°
= 8y’ -18y+9=0 = (2y-3)(4y-3)=0
0 y=15 or y=0.75
= 2'=15 or 2°=0.75
taking lg on both sides,

lg2* =1gl.5 or 1g2*=1g0.75
xlg2=1gl.5 or x1g2 =1g0.75
Ig2 lg2
x=0.585 or x=-0415
0 x=0.585 -0415 (Ans).

W CORNER

Question 20
Showing all necessary working, solve the equation
o 4o
e’ +1

giving your answer correct to 3 decimal places.

=4,

5]
[N18/P3/Q4]

Suggested Solution:

X -X
+
124
e’ +1
= e'+e " =4e"+4 = ex+%:4ex+4
€

Let e" =y

= y+%:4y+4 = Yy +1=4y’+4y = 3y’ +4y-1=0

Using quadratic formula

p= Tt V@)? -403)(-1)

23)
o = 16\/%
=y =428 +6\/% or y :—_4_6\/%
g y=0.2153 or y=-1.549
= e =0.2153 e* =-1.549 (ignored)
= x=1In(0.2153)

=-1.536 (Ans).
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W CORNER

Question 29

Solve the equation In(2x* =3)=2Inx-1In2, giving your answer in an
exact form. (3]

[J23/P3/Q2]

Suggested Solution:

In(2x*> -3)=2Inx~-In2

= In(2x*-3)=Inx*-In2

2
= In2x*-3)=In [%J

x
2
= 4x*-6=x"
= 3x2=6 = x’=2 = x=i\/§

x = —~/2 isrejected as In of negative number is not defined

= 2x*-3=

O x=+2 (Ans).

Question 30

The variables x and y satisfy the equation a®*™' =b*™”, where a and b are

constants.

(@) Show that the graph of y against x is a straight line. [3]

() Given that a = b, state the equation of the straight line in the form y = px +g¢,
where p and ¢ are rational numbers in their simplest form. [2]

[J24/P3/03]

Suggested Solution:
@ a”™=p",

Taking In on both sides
Ina® ™ =™
2y-Dlna=(x-y)lnb . In(%):Ina—Inb
2ylna-lna=xlnb-ylnb

Remember:

* In(axb)=Ina+Inb

U

« In@@®)=blna
e Ine =1
e In1=0

U

2ylna+ylnb=xlnb+Ina
y2Ina+Inb)=(Inb)x+1Ina

_ Inb Ina
y= X+
2Ina+Inb 2lna+Inb

Which is of the form y =mx +c.

=

Thus, the graph of y against x is a straight-line. (Shown).
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W CORNER

® o> =p
Given that, a =p
= 2T =py
= pYTI=ptY
= 6y-3=x-y
=

Ty=x+3 = y:%x+% (Ans).

Question 31

**2 _10. Give your answer correct to 3 decimal places.

(3]
[N24/P3/Q4]

Solve the equation 5* =5

Suggested Solution:

5)6 - 5x+2 _10
= 5 =(5"x5%)-10
Let y=5*
= y=(yx5°)-10
= y=25y-10 = 24y=10 = y=0 - ;=3
24 12
5
o 5==
12
= In5" =In (%j
5 ln%
= xIn5=In|—=| = x= = x=-0.544 (Ans).
12 In5
Question 32
In
A
(3.40, 8.27)
(0.50, 2.24)
9] g
The variables x and y satisfy the equation ay = b*, where a and b are constants.
The graph of In y against x is a straight line passing through the points
(0.50, 2.24) and (3.40, 8.27), as shown in the diagram.
Find the values of a and b. Give each value correct to 1 significant figure. [4]
[N24/P3/Q6]
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Suggested Solution: W CORNER

ay =b"

Taking In on both sides,
Inay =Inb*
= Ina+lny=xlnb = Iny=(Inb)x—Ina........ (D

Using (0.50, 2.24) and (3.40, 8.27),

8.27-2.24 _6.03
3.40-0.50 29

= Inb=20793 = b=e*""? = pH=799=8
Substitute (0.50, 2.24) into (1),
2.24 = (2.0793)(0.50) - Ina
= 224=1.03965-Ina
= Ina=1.03965-224 = Iha=-120 = a=030

Gradient = =2.0793

U a=03, b=8 (Ans).
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Topic 10 W CORNER

Differential Equations

Question 1

An underground storage tank is being filled with liquid as shown in the diagram. Initially
the tank is empty. At time ¢ hours after filling begins, the volume of liquid is V m?* and

the depth of liquid is # m. It is given that V =%h3,
The liquid is poured in at a rate of 20 m® per hour, but owing to leakage, liquid is lost
dh

at a rate proportional to A% when h = 1, m =4.95.
t

(i) Show that & satisfies the differential equation

dh_5 1
-2 4
e h* 20 []

2
(ii) Verify that 20h 3 =20+ 2000 . 1]
100-h (10-h)10+h)

(iii) Hence solve the differential equation in part (i), obtaining an expression for ¢ in
terms of A. [5]
[NOS/P3/Q8]

Suggested Solution:
(i) Given that, ’Z—szo ~~~~~~~~~ () and —0O-K’
t

combining equations (i) and (i),
W 20— ki
dt

also given, V = %h3

differentiating w.r.t ki, av i(3112) =4p*
dh 3

dt dV dt
1 2
=(—)x(20-kh
(¢ )

= % _% ......... (iii)
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W CORNER

given that, when h =1, % =4.95

= 4095 :iz—ﬁ = 4095 :5—£ = 520.05 = k=02
? 4 4 4
U  equation (iii) becomes,
% :i—% = % :i—L (Shown).
K4 20
2000
(10 + h)(10 - h)
2000
100 - i*
_ =20(100 - A*) + 2000
- 100 - 42
_ =2000+20A> +2000 _  20h*
- (100 - 1?) T 100- 42

(i) RH.S.=-20+

=20+

=L.H.S. (Verified).

(iii) From part (i),
dh _ 5 1
R 20
dh _100- 7 N 20/° dh=di
e 20n° 100 - A
using the result of part (ii),

[—20 + %] dh =dt Note that:
i i i I T gx=—in[ 25X )4k
integrating both sides Z—2 22" 2=y

j [—20+&] dh= j "
10-h)(10+ h)

I(—zouooo[%]] dh = j dt
10% = h*)

—20h + 2000[L ln(w)] =t+C

210) 10—
~201n+100 (L) =4 ¢
10—

when =0, =0

10+0
= =2000)+100ln( ) =0+C = 100m1)=C = C=0
0 =20r+100 (2" =1 (Ans).

10—

Question 2
The variables x and ¢ are related by the differential equation
e dr_ cos? x,

where t>0. When =0, x=0.

(i) Solve the differential equation, obtaining an expression for x in terms of t. [6]
(ii) State what happens to the value of x when ¢ becomes very large. [1]
(iii) Explain why x increases as t increases. [1]

[J10/P3/Q7]
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Suggested Solution: W CORNER

(i) ¥ % =cos? x

Separating the variables, we have,

1 1 _
> == d = seclxdr=e? dr
cos® x e

integrating both sides
_[seczx dx = _[e_Z’ dr

-2t

= tan x = +K

when t=0, x=0

= tan(0)=—le’2(0)+K = 0=-t+kx = k=1
2 2 2

o, 1
2, 1

0 tanx:—le
2 2

= ta.an%(l—e_ZI)

= x=tan”' G(l - e_2[)j (Ans).

(ii) As f -

1
O  when 7 becomes very large, x approaches to tan l(E) (Ans).

dx
(iii) ¥ —=cos’x

-2

= ¢ cos?

— x >0, for all values of ¢
dt
= x is an increasing function.

[0  x increases as t increases.

Question 3

A certain substance is formed in a chemical reaction. The mass of substance formed ¢
seconds after the start of the reaction is x grams. At any time the rate of formation of

the substance is proportional to (20 —x). When =0, x =0 and %=1.

dr
(i) Show that x and ¢ satisfy the differential equation
% =0.05(20 - x). 2]
(ii) Find, in any form, the solution of this differential equation. [5]
(iii) Find x when 7= 10, giving your answer correct to 1 decimal place. 2]
(iv) State what happens to the value of x as ¢ becomes very large. [1]

[N10/P3/Q10]
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Suggested Solution: W CORNER

(i) According to given information,

%D(20—x) = E:k(zo—x) ............. 1)
dr dr

. dx
given that, x=0, d— =1, we have,
t

12k(20-0) = 20k=1 = k=—
20

O equation (1) becomes,

dx 1 dx
== (20-x) = —=0.0520-x) (Shown).
& 20( ) & ( ) ( )
(ii) @:i(zo—x) S S P
dr 20 20-x 20

integrating both sides

| Loge=Lfa = -f =L@ = -mpo-x=treC
20-x 20 20-x 20 20

when =0, x=0

= —1n|20—0|:2i0(0)z+c = C=-In20

0 —1n|20—x|:it—1n20 = 1n20—1n|20—x|:it = m2 =1
20 20 20-x| 20
20 1, -1, -1,
= T=ezo = 20e 20 =20-x = x=20-20e 2 (Ans).
-X

(iii) When =10

-1
2010

-1
x=20-20e =20-20e 2 =20-12.131 = 7.869=7.9 (1dp) (Ans).

_ 1
(iv) x=20-20¢ 20'
1

Astoo, e 0 and x— 20

O  x approaches to 20 as ¢ becomes very large. (Ans).

Question 4

A certain curve is such that its gradient at a point (x, y) is proportional to xy. At the
point (1, 2) the gradient is 4.

(i) By setting up and solving a differential equation, show that the equation of the curve
is y=2e" 1, 7]

(ii) State the gradient of the curve at the point (-1, 2) and sketch the curve. [2]
[J11/P3/Q6]
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Suggested Solution:

dy dy
i —0 = Z=hyy
(i o ]

Given that, % =4 at point (1, 2),
= 4=kMH2) = 2%k=4 = k=2
U  differential equation becomes

dy 1
—=2 = —dy=2xdx
dx Xy y y

integrating both sides
j Lay= 2jx dx
y

2
= lny=2(%)+C = Iny=x*+C

the curve passes through (1, 2),
= In2=1)*+C = C=In2-1
O Iny=x*+In2-1

= Iny-In2=x"-1

- ln(%) =x-1 = %: RN y= 2¢+7! (Shown).

. dy
(ii) From part (i), — =2x
part (i) oY

at (-1, 2), gradient, % =2(-1)(2)=-4 (Ans).

Question 5

The variables x and 8 are related by the differential equation

sin 267E =(x+1)cos 26,
dée

where 0 < @< %IT When @ = %7‘1’, x=0. Solve the differential equation, obtaining an

expression for x in terms of 6, and simplifying your answer as far as possible.  [7]

[N11/P3/Q4]

W CORNER

Remember:

If putting x = —x in the
equation does not change
the equation, then curve is
symmetric about y-axis
and vice versa.
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Suggested Solution:
1

x+1

sin 29% =(x+1cos2 =
dé

Integrating both sides,

J‘l dx:J‘COSZH
x+1 sin28

J‘ 1 dx:lJ‘200s29
x+1 2J sin28
0

déa

when ¢9=£, X
12

= Info+1= %m sin2(%)

=

+K = lan%ln

0=%(lnl—ln2)+K = 0=%(—ln2)+K = K=%ln2

W CORNER

cos26
sin28

dé

e = ln‘x+1‘:%ln‘sin29‘+K CIIIMINING )

Note that:

1 e In(axb)=Ina+Iinb

+K

sin—+K = Ozlln1
6 2

. In(%):lna—lnb

+ In@@)=blna

O  equation (1) becomes, e Ine=1
Infx+1) = LIn[sin26]+ T1n2 * In1=0
2 2
= ln‘x+1‘:%ln‘2sin29‘
1
= ln‘x+1‘:1n(25in219)2 = x+1=+/2sin280 = x=+/2sin26 -1 (Ans).
Question 6

dx

terms of x.

The variables x and y satisfy the differential equation

dl = er+y

and y =0 when x = 0. Solve the differential equation, obtaining an expression for y in

s

(6]
[J12/P3/Q5]

Suggested Solution:

dy
dx
dy

2x+y

! 1
= =e¥xed = —de:ezxdx =
e

integrating both sides,
J.efydy :Jezx dx
= e :% e** + K [T

when x=0, y=0

o —=letik o c1=lik o
2 2
O  equation (1) becomes
_e*yzleh é
2 2
Zx_3
= -—e'= = -2e’=e™-3

eV dy=e*dx
K=-3
2
= 2e7=3-¢&¥
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taking In on both sides,
In(2e”’) =In(3-e?)
= In2+In(e?)=In(3-¢e*)

In2-ylne=In(3-e*)

U

= -y=InG-¢*)-1n2
2
= y=In2-l@GB-¢*) = y=ln( ij (Ans).

Question 7

The variables x and y are related by the differential equation

dy 2
x—=1-y".
dx y
When x =2, y=0. Solve the differential equation, obtaining an expression for y in
terms of x. [8]
[N12/P3/Q6]
Suggested Solution:
xﬂzl—yz = zdy:ldx — ;dy:ldx ......... 1)
dx 1-y X (1+y)1-y) X
. 1 . . .
expressing ————— in partial fractions, we have,
A+ yd-y)
1 _ A B
- 0 = 4y =
I+yd-y) 1+y 1I-y
= 1=A0-y)+B(l+y)
1

fory=1l, 1=Al-1)+B(1+l) = 1=2B = B=-

fory=-1, 1=A(l-(-D)+B(1-1) = 1=24 = A:%

1 1 1
= +
I+y)d-y) 2(+y) 2(1-y)

equation (1) can now be written as,

[ o, ]dy=1dx
20+y) 20-y) x

integration both sides,

l‘[ 71 +—1 dy:jldx
2J\(1+y 1-y X

1 1 1+y
= Eln(l+y)—ln(l—y) =lhx+K = Eln =lnx+K

1=y
given that, when x=2, y=0

= lln ﬂ =In2+K
2 1-0

= %ln(l)=ln2+K = 0=In2+K = K=-In2

W CORNER

Recall:

a
b

e In(axb)=Ina+Inb

e In(Z)=Ina-Inb

« In(a®) =blna

e Ine=1

Note that:

* In(@axb)=Ina+Inb
. In(%):lna—lnb

+ In(@@*)=blna

e Ine=1

e In1=0
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W CORNER

—_

0 ln[1+y]:1nx—ln2

2 \l-y
1+ X 1+ x)
= In|—2 =21n(7) = In| —2 :1n(7)
1-y 2 I-y 2
l+y _x° 2_ 2 2 2
= ——="— = 4+4y=x"-xy = xyt+tdy=x"-4
1-y 4
X -
= Y HH)=x"-4 = y== (Ans).
x° +
Question 8
(i) Express % in the form —2+§+ ¢ . [4]
x"(2x+1) x° x 2x+1

(ii) The variables x and y satisfy the differential equation

2 dy
=x"2x+1)—,
y ( )dx

and y =1 when x = 1. Solve the differential equation and find the exact value of
y when x =2. Give your value of y in a form not involving logarithms. [7]
[J13/P3/Q8]

Suggested Solution:

1
2
x“2x+1)
resolving into partial fraction
1 _A B c
=E_+—+

PQRx+D) ¥ x 2x+l1

()

= 1= AQx+1)+Bx2x+1)+Cx*

for x=0
1=A(2(0) +1)+ B(0)(2(0) +1) +C(0)> = A=1

1
2
1 1 1 1,
1= A| 2(-2) +1 |+ B(-2)| 2(-2) +1 -=
(( 2)+ J+ ( 2)(( 2)+ J+C( 2)

for x =—

= 1=A(0)+B(0)+C(%) = 1:ic = C=4

for x=1
1=A(2(1) +1)+ BD)(2() +1) + C(1)°
= 1=3A+3B+C = 1=31)+3B+4 = 3B=-6 = B=-2

! —L—2+i (Ans).

X2Q2x+1) - X X 2x+1
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dy _ y 1 1

i) y=r@+n® o Doy o Ly 1
dx dx x"(2x+1) y x“(2x+1)

integrating both sides,
y x“(2x+1)

1 2 4
= Iny= ———+ dx from part (i
y I(xz - 2x+1) (from part (i)

= lny:-[x*zdx—jgdﬁzj 2 i
X 2x+1

1
X

= Iny=-—-2Inx+2In2x+1[+K e (1)

when x=1, y=1

= lnl:—%—21n1+21n|2(1)+1|+l( = 0=-1+2In3)+K = K=1-2In3
O equation (1) becomes,

Iny :—l—2lnx+21n|2x+1|+1—21n3

— =

2x+1

= ]ny:—7+1+2(]n|2x+1|—1nx—]n3) = 1ny=—l+1+21n
X

X 3x

when x =2,

1 5 1 5Y
Iny=-—+1+2In Iny=—+2In|—| = Iny=—Ine+In|—
2 3(2) 2 6 2 6

1 1 1

— 5 2 -
= Iny=Ine?+ln— = Iny=ln—e? = =—¢2 (Ans).
Y 36 736 SRR

1 ‘2(2)+1

Question 9

A tank containing water is in the form of a cone with vertex C. The axis is vertical and
the semivertical angle is 60°, as shown in the diagram. At time # =0, the tank is full and
the depth of water is H. At this instant, a tap at C is opened and water begins to flow

out. The volume of water in the tank decreases at a rate proportional to \/ﬁ, where h
is the depth of water at time 7. The tank becomes empty when ¢ = 60.

(i) Show that & and t satisty a differential equation of the form
3

% =-A h_E,
dr
where A is a positive constant. [4]
(ii) Solve the differential equation given in part (i) and obtain an expression for 7 in
terms of 4 and H. [6]
1
(iii) Find the time at which the depth reaches EH . [1]

1
[The volume V of a cone of vertical height / and base radius r is given by V = 3 77r*h.

[N13/P3/010]

W CORNER
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Suggested Solution: W CORNER

(i) Let r be the radius of the circular surface of water at time ¢

0 tan60°=% = r=htan60° = r=x/§h

volume of water at time 7 is,
1 1
1% =§ﬂr2h = Vv =§n(\/§h)2h = V=nn

differentiating w.r.t. A, i—‘; =371h?

Given that, ‘Z—V O-vn = av_ —kJh
t

dr

applying chain rule dl—dlx%
pPIng ©odt dh o dr

1

772 3

_ 2 3
= —k\/Z:3nh2><% %: k\/zz :—kh :_(L)hz
dr dt  3mh 3 3
3
let Azi, 0 % =—-Ah 2 (Shown).
37 dr

3 3
@ o2 o Lghz-ad = w2 di=-adr
2
3
integrating both sides, '[ h? dh=-A '[ dr

5

2 =
= =-At+C = gh2=—At+C ............... (1

=
I\J\UI‘ Yl

given that, at¢=0, depth h=H
2 2 2 2
= gH2=—A(0)+C = C=gH2

5 5
O th = —At+EH2
5 5
also, given that, at r =60, depth 2 =0
5 5 5 5

2 2 2 2 2 2 12
= Z(0)2=-A60)+-H? = 60A=-H? = A=—H?
5 5 5 150

O  equation (1) becomes,

5 5 5

ghz :—LHE[+2HE
5 150 5
5 5 5 5 5
- - - - — + -
= th :HZ(—L gj = th:HZ( ! 60) = Eth@:60—[
5 150 5 5 150 5

H?2

5 5
. 60(£j2:60—z - 1:60—60(£j2 - z:601—(£j2
H H H

5
1 AR ¥
(i) When, h=_H. 1=601- = =60 1-|

= t =60(1-0.17678) = 49.39 = 49.4 (Ans).
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Question 10

The population of a country at time ¢ years is N millions. At any time, N is assumed
to increase at a rate proportional to the product of N and (1 —0.01 N). When

t=0, N=20 and (il—N=0.32.
t

(i) Treating N and ¢ as continuous variables, show that they satisfy the differential

equation
%=0.02N(I—0.0IN). [1]
(ii) Solve the differential equation, obtaining an expression for 7 in terms of N.  [8]
(iii) Find the time at which the population will be double its value at = 0. [1]
[J14/P3/Q9]

Suggested Solution:

() t—NDN(l—O,OlN) = (L—N=kN(l—0.01N)
t t

given that, N =20, % =0.32

= 032=k(20)(1-0.0120)) = 032=16k = k=0.02

O i—]j =0.02N(1-0.0IN) (Shown).

dN 1

(il) —=0.02N(1-0.0IN) = ——— dN=0.02df .cerne..... 1)
dr N(1-0.0IN)
resolving _ into partial fractions, we have,
N(1-0.0IN)
1 _A B
—+

N1-00IN) N 1-00IN
= 1=A01-0.01N)+ BN
for N=0, 1=A(1-0.010)+B0) = A=1

forN=ﬁ=100, 1= A(1-0.01(100)) + B100) = 1=100B = B=0.01

1 _ 1 + 0.01
N(1-0.0IN) N 1-0.0IN
. . 1 0.01
equation (1) can now be written as, [— + 7j dN =0.02 dt
N 1-0.0IN

integrating both sides,

L, 00 Vn=1o002d
N 1-00IN

= InN-In(1-0.0IN)=0.02t+C = In _ N oooar+c
1-0.01N
1
= In L} =0.02t+C = ln( 00N j:0.021+c
1=1ds 100- N

100(20)
100-20

when =0, N=20, = ln[ j=0,02(0)+C = C=In25

ln( 100~ j=0.021+ln25

100-N

ln( 100~ ]—ln25:0.02t = In __100N :it = tISOln( 4N
100-N 25(100-N) ) 50 100-N

W CORNER

] (Ans).
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W CORNER

(iii)l=501n( AN ]
100-N

4(40)
100 -40

when N =40, = SOIn( j = 50111(%) =49 years. (Ans).

Question 11

In a certain country the government charges tax on each litre of petrol sold to
motorists. The revenue per year is R million dollars when the rate of tax is x dollars
per litre. The variation of R with x is modelled by the differential equation

d—R = R[l —0.57] R
dx X
where R and x are taken to be continuous variables. When x =0.5, R = 16.8.

(i) Solve the differential equation and obtain an expression for R in terms of x.

[6]

(ii) This model predicts that R cannot exceed a certain amount. Find this
maximum value of R. [3]
[N14/P3/Q7]

Suggested Solution:
(1) % = (1—0.57j = i dR =(l—0.57j dx
dx X R X

integrating both sides

fraef[t)

= InR=Inx-0.57x+C ........... €))]

given that, x=0.5 when R=16.8

= In16.8=In0.5-0.57(0.5)+C = C=In16.8-In0.5+0.285 = C=3.8
U  equation (1) becomes,

InR=Inx-0.57x+3.8
= InR-Inx=3.8-0.57x

R R - -
= In—=38-057x = —=e%¥ 07 = R=yxe®¥ %Y (Ans).
x X

(ii) dR _ R(l - 0.57)
dx

X

When R is maximum, % =0

= R(l—0.57j =0
x

1 1 1
since R#0, 0 —-057=0 = —=057 = x=——=1.7544
X X 0.57
from part (i), R= xe3870570
when x=1.7544, R=1.7544 3870570754 p=17544 ¢>® =28.8505

00  maximum value of R =28.8505 = 28.9 million dollars. (Ans).
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Question 27

The variables x and @ satisfy the differential equation
xsin? 6’E =tan> §—-2cot 6,
déo

for 0<6?<%IT and x>0. It is given that x =2 when 9:%71.
_2cotd

sin? @
(You may assume without proof that the derivative of cot@ with respect
to 8 is —cosec’.) [1]

(@) Show that %(cotz 6) =

() Solve the differential equation and find the value of x when &= %IT. [7]

[N22/P3/Q7]

Suggested Solution:

(a) %(cot2 ) = 2cot @x(—cosec>6)
_2cot8

= —2cotHfcosec’d = > (Shown).
sin“ @
() xsin? a% = tan 6-2cot 8
2p9_
- xdx:tan 6’22c0t6’ 46
sin“ @
2
- ydr= tan2€_2002t9 40
sin“ @ sin“ @
sin% 4
= xdp=| -0’8 _2c0tb] 4

sin” @ sin” @
= xdx:( 12 - 20(;t6’] dé
cos“@ sin“ @

= xdx=[seczﬁ - 20();6) dé
sin“ @

Integrating both sides,

J' xdx= I {sec2 9_'_(_20_(?9]} dé
sin” @
2
= 2 —tanf+cot’?9+C (Using the result of (a), J' —2co0tf - o2 9)
2 sin? @

Given that x =2, when 8= %T,

2

2 /4 2 T
= = —+ — 4+
= > tan4 cot 1 C
= 2=1+ 1 +C = 2:1+—12+C = 2=2+C = C=0

Vi
tan 4 1
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O The equation becomes,

When 6 =—
= %xz—tangh:otz%[
1 2 _ T
= Ex _tan6+tan27—7
6
Ll 1,1
AN

[J@T

~x*> =tan@+cot’> 8

W CORNER

= X*=-2+6 = x*=7.1547 = x=26748=267 (Ans).

Question 28

dy _ 4+9y2
a_ Q21

It is given that y =0 when x = 1.

answer in an exact form.

(@) The variables x and y satisfy the differential equation

Solve the differential equation, obtaining an expression for y in terms of x.

(b) State what happens to the value of y as x tends to infinity. Give your

[7]

(1]
[J23/P3/Q8]

Suggested Solution:

2
+
(a) Q:ﬂ
dx e2)c+1
1 _ 1 1 _ 2x-1
dy = dx = dy=e dx
449y 2 149y
Integrating both sides,
J _ dy:Ie‘ZX“ dx
4+9y
1 _ -2x-1
- j— dy_je dx
9 +y%)
IJ’ _J’ 231
= = d e dx
ol ap ™
l L gy —2x-1
:>9 ;tan ) +K
3 3
= %(%tan_l%jz 1 LARLY G %tan_l%:

Note:

.[a+x

dx = ttan' X+ K
a
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(b)

W’ CORNER
When x=1, y=0

1. 1300 1 211 1 3 1 -3
- == + = - + =_
= 6tan ) 26 K = 0 26 K = K 26

[l The equation becomes,

Lon 13y -1 2e1, 1 3

1 +-
6tan > > 26
13y _ 1 ox-1,1 -3
2V gl =L +-
= tan 2 6( 2e 26 ]
= tan_l%):—36:_2)“_1+3e_3
= 37y=tan(—36_2x_1+36_3)
2 D = 2 3 3
= yzgtan(—3e 714 3e 3) = yzgtan(e_g_ezxﬂj (Ans).

y—ztan[i— 3 J

3 o3 e2xtl
3

As x - oo, Jere

3

O As x tends to infinity, y approaches to, %tan [i] (Ans).
e

Question 29

The variables x and y satisfy the differential equation

It is given that x=1 when y = 1.

(@) Solve the differential equation to obtain an expression for y in terms of x.

(b) State what happens to the value of y when x tends to infinity. Give your

dV
2 2 —
X =+ + —O.

(8]

answer in an exact form. [1]

[N23/P3/011]

Suggested Solution:

2 dy

@ x*=Z+y*+y=0
Yy Y

Separating the variables,

2y yen =0
= g tyorD

d 1 1
= xzay:—y(y+l) = dy=-— dx e (1)
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Expressing

in partial fractions, we have,

1
y(y+D
1 _A, B
yiy+D) y y+l
= 1= A(y+1)+By
for y=0, 1=A0+D)+B0) = A=1
for y=-1, 1= A(-1+1)+B(-1) = B=-1
1 _1_ 1
Yo+D) Ty

y oyt

Equation (1) can now be written as 1 dy = -1 dx
1 )T

Integrating both sides,

[t

-1
= 1ny—ln(y+1)=—(x—j+c - ln( Y ]:l+c .......... )
-1 y X

Given that, x =1 when y =1,
1

= ln(—):l+c = ln(l)=1+C = C=Inl-In2-1 = C=-In2-1
1+1 1 2

0 Equation (2) becomes, ln[ Y jzl—an—l
y+1 X
Remember:
y —
1 +In2=—-1
= “[y+1j TN « In(axb)=Ina+Inb
- m[ ZYJ:l_l « n@) =Ina-Inb
+1 X b
1_ + In(@®)=blna
2y o (@)
y+1 e Ine=1
L * In1=0
= 2y=e* (y+)
1, 1
= 2y=ye* +e~*
1
Ly 1y 1 L ex
= 2y-yeX* =e-f = y|2-e* =e* = yE—— (Ans).
21
2-e”
1
_ ex 1
yE— When x - o, then, — - 0
| X
2—-eX
~ e0-1
20!
= e_]
2-¢’!
1 1
—_e -_e 1, e _ 1
2_; 2e—1 e 2e-1 2e-1
e e

O When x tends to infinity, y approaches to, (Ans).

1
2e-1
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(@) By writing y =sec’ 8 as

Question 30

cos® @

() The variables x and & satisfy the differential equation

(x* +9)sin 9% =(x+3)cos* 8.

1
It is given that x =3 when 9257'[

Solve the differential equation to find the value of cos& when x = 0. Give

your answer correct to 3 significant figures.

;, show that & =3sinGsec* 6.
dé

[J24/P3/Q10]

W CORNER

(2]

(8]

Suggested Solution:

(@ y= sec® 8

(b)

1 -3
= y= = y=(cosb)
cos® 8

Differentiating w.r.t. 8,

d _d -3
@()’) = @(COS 0)

dy __ 4y d
= 10 3(cos ) " x dH(COS 0)
dy 3 .
= === x(—sin 6)
dé cos* @
= d = 3sin@ dy =3sin Osec* 8 (Shown).

A0 oot d6

(x2 +9)sin€(i—df=(x+3)cos4€

Separating the variables, we have,

51n49 de = xz+3 dx = sinfsec*@dl=
cos* @ x°+9 X +9

Integrating both sides

J.siné?sec“é’dé’:j x+3 dx

¥ +9
= J.siné?sec“é’dé’:j 2x dx+ 23 dx
x“+9 x°+9

From part (a), we see that, %(seo3 ) =3sin Osect 8
0 J3sin Gsect 8 d=sec’ 9+ C

= Isin Gsec* 6.dO :%sec3 6+C

x+3
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o W CORNER
Using this result, we have,

| _J’ X J' 3
—sec” @ = dx+ dx
3 ¥’ +9 ¥ +9

1 3,_1 2x
= gsec H—E 249 dx+3j

dx
2,22
x“+3 Note:

= %sec30— ZIn(x? +9)+3( tan ]§j+K I dx—g an' X + K

a+x

= %sec3€:%ln(x2+9)+tan ‘§+K .......... 1)

Given that, x =3, when 8 = %T

I 3
ec j=§1n(32+9)+tan_1§+K

U
(SR
VR
w2

= %{ 1 J %ln(18)+tan ) +K

1 T
=— ++
J 21n(18) 1 K

m 8 1 T
- =_ + 24 =2 -_ -
= 3(2) 21n(18) Tk = K=3-7h(8)-7

O the equation becomes

1 1

-1

3 1 2 x, 8
= ==1 +9)+ X0 mag)-Z
3sec 7] 5 n(x“ +9)+tan 37373 (18)
When x =0,
1 3 1 2 -10_8_1 Vs
— :_] + + +=——-——1In(18)—=—
3sec 7] n(0” +9) + tan 37373 n(18) )

11 1 g 1
L1 1-1y948 118——
33((;0539) 7 n9+3 =508

= l(%j =1.0986 +2.6667 —1.4452 —0.7854
3\ cos® @
1

cos
1

cos> @

=3(1.5347)
30

=4.6041

34 1
= 008" 0= o

[ 1
=3 =
= cosd 16041 = c¢c0s8=0.601 (Ans).
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Question 31

A balloon in the shape of a sphere has volume V and radius r. Air is pumped
into the balloon at a constant rate of 4077 starting when time 7= 0 and r= 0.
At the same time, air begins to flow out of the balloon at a rate of 0.877r. The
balloon remains a sphere at all times.
(@ Show that r and ¢ satisfy the differential equation
dr _50-r
5_ 517
() Find the quotient and remainder when 572 is divided by 50 — r. [3]

. (3]

(¢) Solve the differential equation in part (a), obtaining an expression for 7
in terms of r. [6]

(d) Find the value of ¢ when the radius of the balloon is 12. [1]
[N24/P3/Q10]

Suggested Solution:
. . _dv _
(a) Given that, rate of inflow of air, ar 407

rate of outflow of air, (ii_‘t/ =-0.871r

0 Y _s0m-087r
ar

Volume of sphere, V = %7‘[}“3

. . s dV _i 2 dv _ s
Differentiating w.r.t. r, o3 3ty = ¥ A7
i : dr _ dr _dV
Applying chain rule, = x-
dr 1
&r_ % (4077=0.
dr 1 4
= " x[40m—-—
- dr 477? ( g 5 lTr)
dr 1 ;
a4 T x4m10-=
T W an? ( 5)
dr _ 1 . [50-r dr _50-r
ar_ 1 4 dr _ N .
= 2 ( 5 ) air 52 (Shown)
=5r =250
®) 50-r) 5r°
5r% =250r
-+
250r

250r —12500
- +

12500
[0 Quotient = =5r—250, Remainder =12500 (Ans).
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(c)

dr _50-r 5r?
—= dr=dt
52 50-r
Using the result of part (b),
12500
=5r-250+ dr=dr
= ( ’ 50- )

Integrating both sides,

N j( 250+1%)500)d —Il dr

1
= j( =5r—250- 12500(50 ))dr—jldl

2
= -5 [%) -250r-12500In(50 - r) =t +C

Given that, whent=0, r=0,

= 5(022 j 250(0) -12500In(50-0) =0+ C
= 0-0-12500In50=C = C=-125001n50
0 The equation becomes,

; 2 =250 -125001n(50 - r) = £ =125001n 50

= ; 2 =250r —125001n(50 - ) +125001n 50 = ¢

= t= ; r* =250r +12500 (ln 50-In(50 - r))
52 50
= - = + .
= t= > 250r +12500 ln(so ) (Ans)

5

@) From part (¢), 7=-2r2=250r+125001In[ —22
2 50-r

when, r =12,

5,2 50
=-= - +
1=-312)° ~250(12) 125001n(50_12)

= =360 3000+125001n(§gj

= t——336()+125001n(123]

= =-3360+3430.46 = =70.46=70.5 (Ans).

W CORNER



