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Topic 2
Functions and Graphs

Question 1

The functions f and g are defined for x(OR by
f:xis 4x—2x%,
g:xH>5x+3.

(i) Find the range of f.

(2]

(ii) Find the value of the constant k for which the equation gf(x) = k has equal roots.

(3]
[J10/P1/Q3]

Suggested Solution:

() f(x)=4x-2x% for xOR
= f(x)=2x(2-x)

Critical values are x =0 and x =2 and the parabolic curve open downwards.

00 maximum value of f(x) is at x =1, which is
fy=41)-2(1)> = f1)=2
O rangeof f(x)is: f(x)<2 (Ans).

Alternative Solution:
Using completing the square method,

£(x) = 4x —2x>

=-2(x* - 2x)

= —2(x*-2x+1-1)
—2((x—1)2—1) = —2(x-1)2+2

max. point has coordinates (1, 2)

O rangeof f(x)is: f(x)<2 (Ans).

(ii) gf(x)=g(4x-2x%)
=5(4x-2x7)+3=20x-10x> +3
given that gf(x) =k, has equal roots,
= 20x-10x*+3=k = 10x*-20x+(k-3)=0
Discriminant, b> —4ac=0
= (20> -410)(k-3)=0
= 400-40(k-3)=0
= 40(k —3) =400
= k-3=10 = k=13 (Ans).

W CORNER
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Question 2

The function f is defined by

f(x)=x*—4x+7 for x>2.

W CORNER

(i) Express f(x) in the form (x—a)2 +b and hence state the range of f. [3]
(ii) Obtain an expression for f “1(x) and state the domain of f - [3]
The function g is defined by
g(x)=x-2 for x>2.
The function h is such that f =hg and the domain of h is x > 0.
(iii) Obtain an expression for h(x). [1]
[N10/P1/Q7]
Suggested Solution:
(i) f(x)=x"-4x+7
=2’ -2 +(2) -~ (D) +7
=(x=2)"=4+7 = (x=2)+3 (Ans).
we see that the turning point is (2, 3) and the curve open upwards,
O rangeof fis: f(x)=3 (Ans).
(i) From part (i), f(x)=(x-2)>+3
et y=f(x), => f'(y=x
0 y=(x-2%+3 = (x-2°=y-3 = x-2=%/y-3
The graph of f(x) is to the right of the axis of symmetry,
therefore using positive sign with the radical, we have
x=2=,y-3 = x:2+\/ﬁ
or  fl(y=2+y-3 = t0=2+Jx-3 (Ans).
Now, f(x)=(x-2)*+3
range of fis: f(x)=3
= domainof f™'(x)is: x=3 (Ans).
(iii) f(x)=(x-2)*+3, gx)=x-2
Given that, f =hg
= h=fg”
= hx)=f(x+2) (since gfl(x) =x+2)
= h)[(x+2)-2]"+3
= h(x)=x*+3
Question 3
The function f is defined by f: x> 2xx+—31’ xOR, x# %
(i) Show that ff(x) = x. [3]

(ii) Hence, or otherwise, obtain an expression for f~!(x).

[2]
[J11/P1/Q6]

YA

"

l

]

| y=1f(x)
3___1

1

l
o 2 i

Note that f(x) is valid for
xX>2.

So f(x) is on the right side
of the axis of symmetry.

Therefore only keep the
positive sign with the
radical.

Domain of f7'(x) is the
range of f(x) and vice
versa.
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Suggested Solution:

x+3
2x -1
f)+3
2f(x) -1
x+3
_ 21 P
X+3 \ _
X 2x—1) 1
x+3+3(2x-1)
2x-1 - X+3+6x-3 _ Tx _
2x+6—(2x-1) 2x+6-2x+1 7
2x-1

i f=

ff(x)=

+3

(i) f00) =7

Let f(x)=y

x+3
2x -1
2xy—y=x+3

= y=

2xy—-x=y+3
x2y-1)=y+3
= y*3
o 2y-1

as fx)=y = x:ffl(y)
+3

0 f_l(y)=2yy_] = )=

x+3
2x -1

(Ans).

W CORNER

x (Shown).

Alternative Solution to part (ii):

From part (i), ff(x)=x

= {f is an identity function
ff=1

=23 (Ans).

-
= f=f"!
. 2x-1

Question 4

The functions f and g are defined for xR by

f:x—>3x+a,
g:x—>b-2x,

(i) the values of @ and b,

(ii) an expression for fg(x).

where a and b are constants. Given that ff(2) =10 and g_1(2) =3, find

(4]
[2]
[N11/P1/Q2]

Suggested Solution:
(i) f(x)=3x+a
f(2)=3(2)+a = 6+a
O ff2)=f(6+a) =3(6+a)+a =18+4a
given that, ff(2)=10
= 18+4a=10 = a=-2 (Ans).

(ii) Using the results of part (i),
f(x)=3x—-2, and g(x)=8-2x
O fg(x)=f(@8-2x)
=308-2x)-2
=24-6x—-2 = 22-6x (Ans).

g(x)=b-2x

given that, g™'(2)=3

= g3)=2

= b-23)=2

= b-6=2 = b=8 (Ans).



AL Mathematics (P1) Topic 2 Functions and Graphs < Page 4

W CORNER

Question 5
Functions f and g are defined by
f:x—>2x+5 for x OR,

,g:xHi3 for x O R, x#3.
X—

(i) Obtain expressions, in terms of x, for f (x) and g_l(x) , stating the value of x for
which g_l(x) is not defined. [4]

(ii) Sketch the graphs of y=f(x) and y=f""(x) on the same diagram, making
clear the relationship between the two graphs. [3]

(iii) Given that the equation fg (x) =5—kx, where k is a constant, has no solu-
tions, find the set of possible values of k. [5]
[J12/P1/Q10]

Suggested Solution:

@) fo=20+5 xOR ew=-t  xOR, x#3
Let y=f(x) Let gx)=z
= =2x+5
y=ex = =8
_ _y-5 x-3
= 2x=y-5 = x= > 3 8
= x_3:2 = x:E+3

since, f)=y = x=fl(y)
since, gx)=z = «x= g_l(z)

0 =iy
2 0 g_](z):§+3
= =23 (Ans). .
2 = g_l(x)=;+3, xOR, x#0 (Ans).

(ii)

The graph of y =f'(x) is a reflection of graph of y =f (x) in the line y=x .
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(iii) fg(x)=5-kx W CcO

8 y_s_
= f(2g)=5-kx

= 28 y+5=5-kx
x-3

= L0 zkx = 16=-ka(x-3) = k¥’ -3kx+16=0

as the equation has no solution,

O  discriminant, b>—4ac<0

= (=3k)> - 4(k)(16) <0

9%k? - 64k <0
k(9k —64)<0
. _ _64
critical values are, k=0 and k=-—
9 NS <44
9
0 o<k<% (Ans).

Question 6

x;3J+1, for x=-3. Find

A function f is such that f(x)= (

(i) f~'(x) in the form ax? +bx+c, where a, b and ¢ are constants, [3]
(ii) the domain of f-'. [1]
[N12/P1/Q2]

Suggested Solution:

+
D) f(x)=,/(" 3j+1
2
Let y=f(x)
N _ (x+3)+1 N 1= x+3
Y 2 YT
squaring both sides,
+3
= -2 =X
(y-D 3
= x+3=2(y-1?°
= x=2(y-1*-3
since, fx)y=y = x:ffl(y)
0 ' y=2y-1*-3
= flw=2x-1>-3
=2(x*-2x+1)-3 = 2x*> —4x-1 (Ans).
.. _ [x+3 . Arns
(i) f(x)= 5 +1, for x=-3 Domain of f7'(x) is the
range of f(x) and vice
U rangeof f(x)is: f(x)=1 versa.

= domainof f'(x)is: x=1 (Ans).
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Question 7
A function f is defined by f(x) :ﬁ, for x=1.
(i) Find an expression for f'(x). [2]
(ii) Determine, with a reason, whether f is an increasing function, a decreasing function
or neither. [1]
(iii) Find an expression for £71(x), and state the domain and range of £ [5]
[J13/P1/Q9]

Suggested Solution:

5 _ Al
3 =513
Differentiating w.r.t. x

f'(x) ==5(1-3x) 7 x-3
15

@D fx)=

= R —3x)2 (Ans).
s o 15
(i) f'(x)=
(1-3x)°
(1-3x)? is a squared quantity and is always positive for x=>1
, 15
= f'(x)=
(1-3x)°

0  f(x) is an increasing function. (Ans).

i) f(x)=—>—

1-3x

Let f(x)=y

_ 5

= y_l—Sx
= 1—3x:§ = 3x:1—é = x:l(l—ij = x:y_5
y y 3y

> =t @ xsro)

O f*l(x):%5 (Ans).

5
= >
now, f(x) Zar for x=1
_ -5 __5__
for x =1, f(l)—1_3(1)— > 2.5

also, we observe thatas x — o, f(x) - 0

O rangeof f(x)is: —-2.5<f(x)<0

= domain of fﬁl(x) is: —2.5<x<0 (Ans).
domain of f(x)is: x=1

= rangeof f'(x)is: f'(x)=1 (Ans).

W CORNER

Note that: f'(x) = %

Note that:

* f(x) is an increasing
function if f'(x) >0

« f(x) is a decreasing
function if f'(x) <0.

Domain of f7(x) is the
range of f(x) and vice
versa.
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Question 32
The graph of y=1f(x) is transformed to the graph of y=f(2x)-3.

(@) Describe fully the two single transformations that have been combined to
give the resulting transformation. [3]

The point P(5, 6) lies on the transformed curve y =f(2x)—3.

(b) State the coordinates of the corresponding point on the original curve
y=1f(x). 2]
[N21/P1/Q2]

Suggested Solution:

(a) 1. Horizontal stretch by scale factor % along positive x-axis.

2. Translation of 3 units along negative y-axis, i.e. translation of (_gj

(b) Let (x, y) be the corresponding point on curve y = f(x).

(x, y) is stretched by factor % along positive x-axis and

then given a translation of (_g)

Therefore (x, y) changes to (%x y —3)

2

= %xZS = x=10

y=-3=6 = y=9
[0 corresponding point on curve y =f(x)is (10, 9) (Ans).

0 (lx, y—3):(5, 6)

Question 33
The function f is defined as follows:
f(x)=2+3

x—1
(a) Find the value of ff(5). 2]

for x>1.

() Find an expression for f _l(x). [3]
[N21/P1/Q3]

Suggested Solution:

x+3
x—1

@ f(x)=
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x+3
x—1
Let y =f(x)

_x+3
=

= xy—-y=x+3

k) f(x)=

- - _y+3
= xy—x=y+3 = x(y-D=y+3 = x=I7
=
Since, f(x)=y = x=f"'(y)
_ +
= =22
-1,y _Xx+3
O f~w= (Ans).
x—1
Question 34
Functions f and g are defined as follows:
_2x+1 1
f(x) —m for Xii,
g(x)=x*+4 for xOR.
@ y
A
4
2
\\\
— 1|
> X
-6 —4 -2 \{ 2 4 6
-2 \
The diagram shows part of the graph of y = f(x).
State the domain of f'. [1]
(b) Find an expression for f™'(x). [3]
(¢) Find gf™'(3). 2]
(d Explain why g_l(x) cannot be found. [1]
2 2x+1 .
(e) Show that 1+ 71 can be expressed as P Hence find the area of the
x— x—
triangle enclosed by the tangent to the curve y = f(x) at the point where
x =1 and the x- and y-axes. [6]
[J22/P1/Q10]
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Suggested Solution:
(@) Domainof f'(x)is: x<1, x>1 (Ans).

Alternatively, domain of £7! (x)is: 1<x<o0, —o0<x<l (Ans).

2x+1

b) f(x)=
() f(x) el
Let y =f(x)
_2x+1
= YT

= y2x-1)=2x+1

= 2xy-y=2x+1
1+y

=

2(y-D

2xy—-2x=1+y = 2x(y-D=1+y = x=

Since, f(x)=y = x=f"'(y)

-1 — — —
@)f(%—ﬂﬁﬁ—zz—l
O gf”'3) =g
=(1)*+4=5 (Ans).

@ g =x"+4
By drawing a sketch graph of g(x) and using horizontal
line test, we see that the horizontal line crosses the
curve twice.
Thus, g(x) cannot have an inverse because it is not

YA

W CORNER

a one-one function.

© 1+ 2
2x-1
—2x-1+2 _ 2x+1
2x—1 2x—1

2

(Shown).

Now, f(x)=1+

2x—1

= f(x)=1+22x-1"

£'(x) = 0+2(—1(2x—1)‘2 xz)

_(2x—1)2 S

At x =1, gradient of tangent is,

f'(x 4

T em-n

Also, when x =1,

2

T

=1+2=3
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O Equation of tangent passing through (1, 3) with gradient —4 is,
y=3=-4(x-1
= y-3=-4x+4 = y+4x=7
The tangent intersect the x-axisat y =0, = 0+4x=7 = x 2%

The tangent intersect the y-axisat x=0, = y+4(0)=7 = y=7

[J Area of required triangle = %X%X 7= % units>  (Ans).

Question 35
The graph with equation y =f(x) is transformed to the graph with equation
y =g(x) by a stretch in the x-direction with factor 0.5, followed by a
translation of ((1))
(@ The diagram below shows the graph of y =f(x).
On the diagram sketch the graph of y =g(x). [3]
y
A
4
2
»X
-8 -6 —4 ) 0 2 4 6 8 10
-2
() Find an expression for g(x) in terms of f(x). [2]
[N22/P1/Q5]

Suggested Solution:

(a)
y
A
|
TR
2
P X
-8 -6 —4 -2 0 2 4 6 8 10
-2
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®) f(x) - f (Lx) due to horizontal stretch of factor 0.5

0.5

1 1 . 0
f(ﬁx) - f(ﬁx) +1 due to translation of (1)

o glx) :f(éx)+1

= g(x)=f2x)+1 (Ans).

Question 36

The equation of a curve is y =4x% +20x+6.

(a) Express the equation in the form y= a(x+b)* +¢, where a, b and ¢ are
constants. [3]

(b) Hence solve the equation 4x> +20x+6 = 45. [3]

(¢c) Sketch the graph of y =4x* +20x+6 showing the coordinates of the

stationary point. You are not required to indicate where the curve
crosses the x- and y-axes. [3]

[N22/P1/Q6]

Suggested Solution:

(@ y= 4x* +20x+6
Using completing the square method,

y=4(x* +5x)+6

= eolg) 3] -

2
:4{(”;) _ﬂm
5

5\2 2
=4(x+§) -25+6 = 4(x+§) -19 (Ans).

() 4x* +20x+6 =45
Using the result of part (a),

5\
4{x+=| -19=4
(x 2) 9=45

52
=+
= 4(x 2) =64

5\ 5\ 5\
= |x+z| =16 = x+§ =+16 = x+5—i4
= x+%=4 or x+%=—4
= x:4—% or x:—4—%

_3 __13
= x=3 or X >
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(¢) From the result of part (a),
coordinates of the stationary point is (—%, - 19)
For y-intercept, put x =0,
= y=4(0)>+20(0)+6 = y=6

The quadratic curve is opening upwards,

W CORNER

YA
12+

with axis of symmetry at x = —% : —>
-6 1 2 X
(-2.5,-19) =20,
Question 37
Functions f and g are defined by
£(x) =x+% for x >0,
g(x)=ax+1 forxUR,
where a is a constant.
(@) Find an expression for gf(x). [1]
() Given that gf(2) =11, find the value of a. 2]

(¢) Given that the graph of y =f(x) has a minimum point when x =1, explain
whether or not f has an inverse. [1]

It is given instead that a = 5.

(d Find and simplify an expression for g_lf (x). [3]
(e) Explain why the composite function fg cannot be formed. [1]
[N22/P1/Q9]

Suggested Solution:
Cofiad
(@ gf(x)= g(x+ x)
=a (x +l) +1 (Ans).
X
b)) gf(2)=11
Using the result of part (a),
1 -
a (2 +§) +1=11

5 20

= §a=10 = a=?=4 (Ans).
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(¢) Given that the curve has a minimum point, it means that the curve is concaved up and
so the function ceases to be a one-one function.

Therefore f does not have an inverse.

Alternatively,

Domain of f(x) is x> 0. The curve has a minimum point at x =1. This means that
the curve lies on both sides of the line x =1, and so does not pass the horizontal line
test. Therefore f is not a one-one function and does not have an inverse.

@ g(x)=5x+1

Let g(x)=y
_ - _y-1
= y=5x+1 = 5x=y-1 = x=—
_ -1 - -1
= ¢'=". 0 glw=

Now, g_l f(x)= @

2 —_
=——— (Ans).
X

(e) fg(x) cannot be formed as the range of g(x) is out of the domain of f(x).

Or
fg(x) cannot be formed as the domain of f(x) does not include the whole of the
range of g(x).
Question 38
y
A
2n
i —
///
T //
=
in
0 > X
0 in T in 2n 2n
The diagram shows the graph of y =f(x) where the function f is defined by
£(x) :3+Zsin%x for 0<x< 277
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The diagram above shows part of the graph of the function

g(x) = 3+25in%x for —2m<x<27T

Complete the sketch of the graph of g(x) on the diagram above and
hence explain whether the function g has an inverse. [2]

(d) Describe fully a sequence of three transformations which can be combined

to transform the graph of y =sinx for 0<x < 177 10 the graph of y =f(x),

-2
making clear the order in which the transformations are applied. [6]
[J23/P1/Q8]
Suggested Solution:
(a) y
A
2n S
3 7
/// //
1 P v /
L~ , /
7 ="
| Sy =X /
XL 7 /
7
0 > X
0 %n T %n 2% %n

(@ On the diagram above, sketch the graph of y=f _l(x). [2]
() Find an expression for f _l(x). [2]
(©)
y
A
21
i —
" ,//
4
1
5T
—%n -2 —%71', -7 —%ﬂ 0 %n b %n 2n %
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(b) f(x):3+2sin%x
Let y=f(x)
=3+2sin=
= Yy sm4
2sins =y-3
= sm4 y

1 ﬁ:y__?}
= Sln4 =

&=

It

w

—_

=

KA
VRS

<
(N1

(O8]
N———

=

1

N

«.

=
VRS

\ .

(O8]
N—

Since f(x)=y = x=f"'(y)

0 f_l(y):4sin_1(yT_3] = f_l(x)=4sin_1(xT_3) (Ans).

(©
y
A
21
gTC —
//
/,
e
,/
L1 .
5T
——
> X
5 3 — _1 1 3 5
-3 27 —57 T 5T 0 3T b4 ST 2n 5T

Yes, the function has an inverse because it passes the horizontal line test and
therefore is a (1 — 1) function.

(d sinx - sin%x . Stretch by scale factor 4 in x-direction
sin%x - 25in%x . Stretch by scale factor 2 in y-direction

2 sinix - 3+ Zsin%x : Translation by column vector ((3))

Question 39

The equation of a curve is y = x* —8x+5.
(@) Find the coordinates of the minimum point of the curve. [2]

The curve is stretched by a factor of 2 parallel to the y-axis and then translated
4
by (1)

() Find the coordinates of the minimum point of the transformed curve. [2]
(¢) Find the equation of the transformed curve. Give the answer in the form

y= ax® +bx+c, where a, b and ¢ are integers to be found. [4]

[N23/P1/Q6]
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Suggested Solution:
(@ y= x* —8x+5
a=1, b=-8, ¢c=5

Coordinates of turning point

:(_L 4ac—b2j
2a°  4da

_[_ -8 4m©)-(=8)’
2(1)° A1)

:(_4, %"4) =4, -11) (Ans).

W CORNER

Alternative Method
y= x* —8x+5
dy _

E—ZX_S

dy

— =00

dx

= 2x-8=0 = 2x=8 = x=4

For minimum point,

Substitute x =4 into equation of curve,
y=42-8(4)+5 = y=16-32+5=-11

O coordinates of min. point are, (4, —11) (Ans).

(b) When curve is stretched by factor 2 along y-axis

The minimum point (4, —11) moves to (4, —22)

During translation by (411)

(4, —22) moves 4 units right and changes to (8, —22)
Finally, (8, —22) moves 1 unit up and becomes (8, —21) (Ans).

() y= x* —8x+5
Stretch along y-axis by factor 2
= y=2(x"-8x+5)
Translation by 4 units right
= y= 2((x—4)2 —8(x—4)+5)
Translation by 1 unit vetically up

=y =2((x—4)2 —8(x—4)+5)+1

= y=2(x*-8x+16-8x+32+5)+1

y=2(x -16x+53) +1
y=2x* =32x+106+1
y=2x> =32x+107

R U U

a=2, b=-32, ¢c=107 (Ans).

Question 40

Functions f and g are defined by

f(x)=(x+a)2—a for x< —a,
g(x) =2x-1 for xOR,

where a is a positive constant.
(@ Find an expression for f~!(x).
(®) (i) State the domain of the function f'.

(ii) State the range of the function f -

(¢) Given that a = 7

ok solve the equation gf(x)=0.

(3]
(1]
(1]

(3]
[N23/P1/Q8]
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Suggested Solution:

(a)

(b)

(c)

f(x)=(x+a)2—a

Let f(x)=y

= y=(x+a)’-a

= (x+a)’ =y+a

= x+a=i\/yTa

Since f(x) is defined for x< —a,

U x+ta=-\yta = x=-a-.\yta

as f(y)=y = X:f_l(Y)

0 f‘l(y):—a—/y+a = ') =-a-+x+a (Ans).

(i) Rangeof f(x)is: f(x)=-a

0 Domainof f'(x)is: x=-a (Ans).

(i) Range of ') flx)<-a (Ans).

2
When a:%, f(x) = x+%) —%, g(x) = 2x-1
gf(x)=0
2
= g[(x+% —%}:0
2
= 2{(;&%) —%}—1:0
2
- 2(x+% ~7-1=0
2
7
+1] =
= 2(x 2)
2
= (x+%) =4
= x+%212
0 x+%:2 or x+%:—2
= xZZ—% or x=—2—%
- x:—% or x=—71

O xz—% (Ans).

W CORNER

Domain of f7(x) is the
range of f(x) and vice
versa.

f(x)

><"

4

(=a, —a)

f(x) is defined for x < —%. Therefore f(x) does not exist at x = —;
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Question 41

The curve y = x is transformed to the curve y= 4(x-3)* -8.
Describe fully a sequence of transformations that have been combined, making

W CORNER

clear the order in which the transformations have been applied. [5]
[J24/P1/Q2]
Suggested Solution: Note:

1. Translation

(3)) along x-axis
2. Stretch by a factor of 4 parallel to y axis.

3. Translation of (_g) along y-axis.

1.

y
A

3.
Question 42
The function f is defined as follows:
f(x)=vx -1 for x>1.
(@ Find an expression for f B (x). 1]

(x —3) indicates a translation
of 3 units to the right.

The coefficient 4 outside

(x —3) represent a vertical
stretch of factor 4

-8 represents a translation
of 8 units downwards.

/\=

0}
The diagram shows the graph of y =g(x) where g(x) = 21+2 for x OR.
X
(b) State the range of g and explain whether g_1 exists. [2]

for x=0.

The function h is defined by h(x) = 5
x°+2

(¢c) Solve the equation hf(x) =f (%) . Give your answer in the form a + b\/;,

where a, b and c are integers. (4]
[J24/P1/Q4]

Suggested Solution:

@ f(x)=vx-1, Lety=f(x)
= y=Jx-1 = Jx=y+l = x=(y+1)>
= () =(y+D? (since, x=F"(y)
O fl'x)=x+D)* (Ans).
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b g(x)=—"
x +

For x=0, g(0)=

1 _1
O rangeofg(x)is: 0<g(x)< % (Ans).

g_l (x) does not exist because g(x) is not a one-one function. (Ans).

—¢(25
(c) hf(x)—f(16)
1\= /25 _
- h(& 1)_ 2 -1
SR .
(&—1) +2
SRS N
(\/5—1) +2
2
= (Vx-1) +2=4
2
= (J}—l) =2
= J;—l:i\/i
= Jx-1=V2 o Jx-1=-2
= Jx=1+2 or Jx=1-42 (not valid since 1 —+/2 is negative)
O Jx=1+2
2
= x:(1+\/§) = x=1+2J2+2 = x=3+2J2 (Ans).

Question 43

A function f is such that f'(x)= 6(2x—3)2 —6x for x OR.

Determine the set of values of x for which f(x) is decreasing. 4]
[J24/P1/Q%(a)]

Suggested Solution:

f'(x)=6(2x- 3)2 —6x. Given that, (x) is decreasing,
= f'(x)<0

» f(x) is an increasing
function if f'(x) >0

2
6(2x=3)" =6x<0 + f(x) is a decreasing
6((2x -3 - x) <0 function if f'(x) <0.
(2x=3)*-x<0

432 -12x+9-x<0
4x* -13x+9<0
43 —9x—4x+9<0

x(4x=9)-1(4x-9)<0 = (x=1)(4x-9)<0 0 h A
\/z

Critical values are, x=1, x=

0 1<x<% (Ans).

L [

INgINa}
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Question 44
The function f is defined by f(x)= 2x+1 for x <l.
2x-1 2
(@ (i) State the value of f(-1). 1]
(i)
yA
4
2
\\\
I P>
-4 i) Y 2 4 x
=2
-4
The diagram shows the graph of y=f (x). Sketch the graph of y =f B (%)
on this diagram show any relevant mirror line. [2]
(iii) Find an expression for f - (x) and state the domain of the function f -
4]
The function g is defined by g(x) =3x+2 for x OR.
() Solve the equation f(x)=gf [%) 3]
[N24/P1/Q5]

Suggested Solution:
2(-1) +1
2(-1)-1
_2+1
T 2-1

@ @) f(-1)=

-2
-1_1
373 (Ans).
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(i) A
4
e
7/
7|
7
e
/_
2 STYV=X
e
/7
—y=f(x) Vi
:\ //
] , -
4 ) > 2 4 x
N\
/7
/7
N
)
4
7
, .
7 \ \yf ()
/7
/7
4
(iii) f(x)=§f;1 Let y=f(x)
N :2x+1
2x—1
= 2xy—-y=2x+l
+
— dxy-2x=y+l = x2y-=y+l = x=21
2y-2
Since, f(x)=y = x=f"'(y)
_ +1 _ x+1
O fl(y)y=2"- £ (x) = Ans).
(») 2y=2 = (x) P (Ans)

u el

Domain of f ' (x)is, x<1 (Ans).

1)_
2(4)-1
1 3
:j_ﬂzlzéx —2 =-3
1_4 -1 2 1
2 2
Given that, f(x):gf&]
f(x)=g(=3)
f(x)=3(-3)+2
f(x)=-7
x=f71(=7)
_ —T7+1 . -1 _ x+1
x——z(_7)_2 (smce, f(x) 2x—2)
X = m = x:_—6 = x:3 (Ans).

U

T -14-2 -16 8

W’ CORNER

Domain of f™'(x) is the
range of f(x) and vice
versa.
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Topic 5
Trigonometry

Question 1

The diagram shows the graph of y =asin(bx)+c¢ for 0< x <27t

(i) Find the values of a, b and c. [3]
(ii) Find the smallest value of x in the interval 0 < x <277 for which y=0. [3]
[J09/P1/Q4]

Suggested Solution:

()

(ii)

y =asin(bx) + ¢
a = amplitude of the curve

U  from the graph, a=9-3=6 (Ans).

As there are two cycles in the normal period of sin,
O b=2 (Ans).

¢ indicates vertical shift in the graph from horizontal axis,

0 c¢=3units (Ans).

Using the result of part (i), we have
y=6sin(2x)+3 for 0sx<2m
at y=0,

1
6sin2x+3=0 = 6sin2x=-3 = sin2x=—5

. m
basic angle, a = X

m_Tm

0O  for smallest value, 2x =77+ g = ? = x= 7—”

(Ans).

W CORNER

a: Indicates the amplitude
of the curve which is the
maximum or minimum
range of the curve from
the mean position.

b: Indicates the periodic-
ity of the curve. We see
that in the given figure
there are two cycles in a
normal period of sine.

c: Indicates the vertical
shift in the graph from the
horizontal axis, which in
this case is 3 units.

a\a

oa
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Question 2
(i) Prove the identity (sinx +cosx)(1—sinxcosx) = sin® x +cos® x. [3]
(ii) Solve the equation (sinx + cosx)(1 —sinxcos x) = 9sin’ x for 0°< x<360°. [3]
[NO9/P1/Q5]
Suggested Solution:
3 3 Remember:
(i) R.H.S.=sin" x+cos” x
 (sin’ + (cos ) (@)° +(b)°
=(sinx cos X = (a+b)(@® +b? - ab)
= (sin x + cos x)(sin® x + cos” x — sin xcos X)
=(sinx +cosx)(1-sinxcosx) =L.H.S. (Proved).
(ii) (sinx +cosx)(1 —sinxcosx) =9sin> x Note that:
using the result in part (i), we have, tan@ is positive in 1st and
3rd quadrant.
sin® x +cos® x = 9sin® x
3 . 3 sinx 1 3 1 1
cos’x=8sin"x = T =o>tn’x=— = tanx=— o
cos’x 8 8 2 26.6
basic angle, a =26.6° 26.6° p
O x=26.6° 206.6° (Ans).
Question 3
(i) Show that the equation
3(2sinx —cos x) =2(sin x —3cos x)
can be written in the form tanx = —%. [2]
(ii) Solve the equation 3(2sinx —cosx) = 2(sin x —3cos x), for 0° < x <360°. 2]
[J10/P1/Q1]
Suggested Solution:
(i) 3(2sinx—cosx) =2(sinx —3cos x)
6sinx —3cosx =2sinx —6cos x
4sin x = —3cos x
sinx __3
cos X 4
tan x = —% (Shown).
(ii) From part (i), tanx= —%
basic Angle a =36.9° Note that:

O x=180°-36.9° , 360°-36.9°
=143.1°, 323.1° (Ans).

36.9°

690

tan@ is negative in Il and
IV quadrants.
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Question 4

The function f:x+> 4-3sinx is defined for the domain 0<x <277

(i) Solve the equation f(x) = 2.

(ii) Sketch the graph of y = f(x).

(iii) Find the set of values of k for which the equation f(x) = k has no solution.

o1
The function g:x+> 4-3sinx is defined for the domain ET[SxS A.

(iv) State the largest value of A for which g has an inverse.

(v) For this value of A, find the value of g™'(3).

(3]
[2]
[2]

(1]
(2]

[J10/P1/Q11]

W CORNER

Suggested Solution:
(i) f(x)=4-3sinx for 0<x<2r7
given that f(x)=2

= 4-3sinx=2

o ) 0.730 0.730
= 3sinx=2 = smx—g
basic angle a =0.730 radian
0 x=0.730 radian, 2.41 radians (Ans).

(i) 3
x o | 2| 7 | 2T | o
2 2
y=f(x) 4 1 4 7 4

(iii) From graph, we see that the curve has the range 1< y<7.
Hence, the set of values of k for which f(x) = k has no solution are:
k<1 or k>7. (Ans).

Note:

Change your calculator to
radian mode.
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(iv) g(x)=4-3sinx, for %ZTS)CSA

From graph, the largest value of A in the given domain for which g has an

inverse is = 37” (Ans).

(v) g(x)=4-3sinx
Let g7'(3)=x

= g(x)=3 = 4-3sinx=3 = 3sinx=1 = sinx:%

basic angle a =0.340 radians.

1 <3
TS XSS T

= x=7-0.340 =2.80 radians.

given range is

0.340 N 0.340
O g'(3)=280 (Ans). |
Question 5
Prove the identity
tan” x —sin” x = tan” xsin? x. [4]
[N10/P1/Q2]

Suggested Solution:

L.H.S = tan®> x —sin* x

_sin®x sin’x

cos? x 1

-2 -2 2
_sin“x—sin” xcos” x

cos® x
_ sin? x(1-cos? x)
cos? x
_ sin® x(sin® x)
cos® x

sin’ x

=sin’ x(——) =sin’ xtan’ x =R.H.S (Shown).

Question 6

cos & =1+ 1 3]

i) Prove the identity —<93¢ __ = .
() Prove the identty S Bi—sing) = " 5ind

" . cosf
————=—— =4 for 0°< 8 <360°.
(ii) Hence solve the equation @nB(l-sind) " or 0° < @<360 [3]

[J11/P1/Q5]

W CORNER

Recall:
1-sin?@=cos®8
1-cos26=sin?6
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Suggested Solution:

cos &

@® LHS= tan &(1 — sin )

- cos8 - cos’ 8 - _1- sin’ @ _ (L+sinf)(1-sin6)
22)2 g (1-sing) sin@(1-sinf) sin&(1-sind) sin 6(1 - sin O)

_ 1+sin8 _ 1 sinf _ 1 _

" siné sinf siné sin@ RHS  (Proved).

cos & _

(i) tanO(1-sin &) 4

using the result of part (i), we have,

W CORNER

Recall:
1-sin?@=cos? 8
1-cos®§=sin’6

Note that:
sing is positive in 1st
and 2nd quadrants.

1+—1 =4 for 0°20<360°

siné
= 1 - 3

sind

N |
= sinf = 3 19.5° 19.5°
basic angle, a =19.5°
O @=19.5° 160.5° (Ans).
Question 7

(i) In the case where k=2,

(a) find the range of f,

(b) find the exact solutions of the equation f (x) = 1.
(ii) In the case where k=1,

(a) sketch the graph of y = f(x),

(b) state, with a reason, whether f has an inverse.

The function f is such that f(x)=3-4cos"x, for 0<x< 7, where k is a constant.

(2]
(3]

(2]
[1]

[J11/P1/Q9]

Suggested Solution:

(i) (@ f(x)=3-4coskx
when k=2, f(x)=3-4cos’x
we know that,
—-1<cosx<l
= 0Os<cos’x<l
multiplying by —4
0=-4cos*x=—4
or -4<-4cos’x<0
adding 3
—4+3<3-4cos’x<0+3
-1<3-4cos’x<3
-1<f(x)<3 (Ans).

0 rangeoff is:
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® fx)=1 co

= 3-4cos’x=1 = 4dcos’x=2 = coszx=%

I+

-

= cosx =

1 1
= Ccosx=—f4= or COSX = ——=

V2 V2

basic angle a = T basic angle a = T

4 4
Note that:
T cos @ is positive in 1st
4 % \ and 4th quadrant.
cos @ is negative in 2nd
and 3rd quadrant.
- _m_3n
x= 2 xX=7T 2 2
T 3n
O x= Rl (Ans).
(ii) (@ When k=1, f(x)=3-4cosx
YA
Tt |
|
61 :
|
51 |
|
47 :
|
e , :
| |
4 | |
2 ! |
| |
4 | |
1 ! !
| |
| } >
0] / I nd X
1 2

(b) f has an inverse because f isa 1—1 function.

Question 8

(i) Sketch, on the same diagram, the graphs of y =sinx and y =cos2x for

0°<x<180°. [3]
(ii) Verify that x =30° is a root of the equation sinx =cos2x, and state the other root
of this equation for which 0°<x<180°. 2]

(iii) Hence state the set of values of x, for 0°< x<180°, for which sinx <cos2x. [2]

[N11/P1/Q5]
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Suggested Solution: W CORNER

) y

1 y=sinx
y =cos 2x

A\
=

0 4 90 A5 180

(ii) sinx=cos2x
at x =30°,

L.H.S.=sin30° = l
2
R.H.S. =¢c0s2(30°) =cos60° = %

0 L.H.S.=R.H.S. (Verified).

symmeterically, from graph, x =150° is the other root, (Ans).

(iii) From graph, for sinx <cos2x,

0°<x<30° and 150°<x<180° (Ans).

Question 9

1 _ 1

(i) Prove the identity tanx+ = —. [2]
tanx  sinxcosx
(ii) Solve the equation # =1+3tanx, for 0°<x<180°. [4]
sin xcos x
[J12/P1/Q5]
Suggested Solution:
(i) LHS=tanx+ L
tan x
. .2 2
= sinx | cosx _ sm.x+cos X - 1 = RHS (Proved).
cosx sinx sin xcos x sin x cosx
(ii) #=1+3tanx, for 0°< x<180°

sin xcos x

using the result of part (i),

2(tanx+ 1 )=1+3tanx
tan x

= 2tanx+i21+3tanx
tan x

multiplying throughout by tan x
2tan’ x+2 = tanx + 3tan® x
tan’ x+tanx—2=0

tan’ x+2tanx —tanx—2 =0
tanx(tanx +2)—I(tanx+2) =0
(tanx +2)(tanx—1) =0

Ly du
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= tanx+2=0 or
tanx =-2 or

basic angle a = 63.43°

63.4°

63.4°

O x=116.6°
= x=45° 116.6° (Ans).

tanx—1=0
tanx =1

basic angle a =45°

45°

W CORNER

Note that:
tan@ is positive in 1st
and 3rd quadrant.

tan @ is negative in 2nd
and 4th quadrant.

Question 10

sin x.

(i) Show that the equation 2cosx =3tanx can be written as a quadratic equation in

(ii) Solve the equation 2cos2y =3tan2y, for 0°< y<180°.

Suggested Solution:

(i) 2cosx =3tan x
2(:osx=3(smx
cosx

2cos’x =3sinx

2(1-sin®x) =3sinx

2-2sin’x=3sinx = 2sin’x+3sinx—2=0 (Shown).

(ii) 2cos2y=3tan2y
replacing 2y by x, we have,

2cosx =3tan x

O

using the result of part (i),

2sin? x+3sinx—2=0

(sinx+2)(2sinx—1) =0

sinx+2=0 or

LU

sinx = -2

(absurd & ignored)

2sin? x +4sinx —sinx-2=0
2sinx(sinx+2) —1(sinx +2) =0

2sinx—1=0
.1
sinx =—

2

basic angle, a =30°
0 x=30° 150°
= 2y=30° 150°

= y=15° 75° (Ans).
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Question 36

(@) (i) By first expanding (cos@+sin 6)%, find the three solutions of the

equation
(cos@+sin9)* =1
for 0<@<rm [3]
(ii)) Hence verify that the only solutions of the equation cos&+sin8 =1
for0< @< are 0 and %IT 2]

sin 8 l1-cosf _ cosf+sinf-1
cos@+sinfd cos@-sind 1-2¢in2 6

(b) Prove the identity [3]

(¢) Using the results of (a)(ii) and (b), solve the equation

sin @ + 1-cos@
cos@+sinfd cosf—sinb
for 0s8<7m (3]

[J23/P1/Q7]

=2(cos@+sinf-1).

Suggested Solution:

(@ () (cos@+sind)* =1
= cos’ B+sin’ +2sinBcosf =1
1+2sinfcosf =1
2sin@cos =0
sinfcos@=0

sind=0 or cos@=0

U 4 4d Ul

= 1,3
=0, m or 9—277, 57T

O For the given range, € =0, g, 7T (Ans).

(i) cos@+sinf=1
When =0, cosO+sin0=1
= 1+0=1 = 1=1 (satisfied)
T m, . I
= Z+ =
When & > 0052 sm2 1
= 0+1=1 = 1=1 (satisfied)
When =7, cosmr+sinmr=1

= -1+0=1 = -1=1 (does not satisfy)

Thus the only solutions of =0 and %T (Verified).
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(b) LH.S=—Sin@

1-cos@

cos@+sinf cos@-sinf
_sin B(cos @—sin B) + (1 —cos B)(cos 8 +sin 8)

(cos @ +sin B)(cos @ —sin )

_sin @cos & —sin> @+ cos @ +sin @ —cos’ & —sin Bcos &

(cos® @—sin® )

_ cos@+sin@—-sin @-cos’ 8

1—sin @—-sin’ @

:cos€+sin6’—(sin2€+0052 o) _ cos@+sinf -1 _

1-2sin’ @ 1-2sin” @

© sin 8 R

cos @

cos@+sinf cos@—sinf

=2(cos@+sind-1).

Using the result of part (b),

cos@+sinf -1
1-2sin’ @

cos@+sind-1

=2(cos@+sinf-1)

= 5 —2(cos@+sinf-1)=0
1-2sin” @
= (cosB+sin6’—1)(;2—2]:O
1-2sin“ @
= cos@+sind-1=0 or ;2—2:0
1-2sin” @
= cos@+sinfd=1 or ;2:2
1-2sin“ @
O Using result of (a)(ii) = 1=2-4sin’ @

_o T
=0, >

00 Solutions are, & =0, ]_6-[’

= 4sin’ @ =1

= sin’@=

NI

. 1
==
= sin

basic angle =

oIy

W CORNER

Remember

sin6+cos® 8 =1

cos?@=1-sin’6

R.H.S (Proved).

or sinf= —% (out of given range)

aoa
oA

Question 37

Find the exact solution

of the equation

%7‘[+ tan ! (4x) = —cos ™! (%\/g)

(2]

[N23/P1/Q2]
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Suggested Solution: W CORNER

%7‘[+ tan"' (4x) = —cos ! (%\/g)

Note.

= 7—T+tan_l(4x) =-
6 sin(-6) = -sin@
cos(—6) =cos @

tan(-6) = —tané@

oy aly

= tan '(4x)= -

wly oy

= tan"'(4x) = -

4x =t -
= X an( )

= 4x:—tan(%r) = 4x=-3 = x=—§ (Ans).

Question 38
(a) Verify the identity (2x—1)(4x> +2x—1)=8x> —4x+1. 1]

2
tan” G+1 _ 1 B3]

(b) Prove the identit .
Y tan’6-1 1-2cos> 8

(c) Using the results of (a) and (b), solve the equation

2
—tan2 o+1_ 4cos @,
tan“ -1
for 0°<8<180°. [5]
[N23/P1/Q7]

Suggested Solution:

(a) LH.S.=(2x-D(4x>+2x-1)
=8x° +4x? —2x—4x> —2x+1

=8x’ —4x+1=R.H.S. (Verified).

® LHS.= tan” 8 +1
tan” -1

2
311‘129 +1
_ _cos-@
sin2 8 -1
cos2 8
sin2@+cos2 8
_ cos? @
sin2@-cos? @
cos2@
_sin®@+cos> 8 » cos> 8
cos> 8 sin® @—cos’ 8
-
sin® @—-cos’ 6
1 1

= = =R.H.S. (Proved).
1-cos? @—cos’ @ 1-2cos> 8
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(C) tan2 6 +1
tan® @-1
Using the result of part (b),

N
1-2cos” @
= 1=4cosf(1-2cos* 6)
= 1=4cosf-8cos’ @
= 8cos’@-4cosf+1=0
Using result of part (a), and replacing x by cos &, we have,

= (2cos@-1)(4cos’ B+2cosO-1)=0

=4cosl

=4cosl

= 2cosf-1=0 or 4cos’> @+2cos8-1=0
] _=21422 —4(4)(-1)

= 0030—2 or cos@ = @

= 6=60° or cosg = 2£N20 ig\/%
COSQ:Q%Q/% or Cosa:_z_g—\/z—o
c0sd=0.3090  or cosd=-0.8090 365 | :
basic angle =72° or basic angle =36° 36°
0 g=172° 0 8=180°-36°

=144°

O é&=60° 72° 144° (Ans).

Question 39
. Ttan@ _
(@ Show that the equation 50 +12 =0 can be expressed as
12sin* 8- 7sin@-12 = 0. 3]
. 7tan 8 _ o o
(b) Hence solve the equation WHZ =0 for 0° < @<360°. [3]
[J24/P1/Q3]
Suggested Solution:
@ b, 5=
cos @
7tan@+12cosd _
cosd
= T7tanf+12cosd=0
N 7(sin6’)+120083:0 Remember,
cos@ sin?6 +cos® 8 =1
. 2
—, Isin@+12cos” 0 _ 0 cos2 6 =1-sin2 6
cos &
= 7sin@+12cos?8=0
= 7sin@+12(1-sin’6) =0
= 7sin@+12-12sin’6=0 = 12sin’@-7sin@-12=0 (Shown).
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by Tanb 5=

cos@

Using the result of part (a),
12sin® @-7sin@-12=0
12sin* 8-16sin@+9sin6-12 =0
4sin@(3sin@—4)+3(3sind—-4) =0
(3sin@—-4)(4sin@+3) =0

=

u iy

sin@ = %(no solution) or sind = —%

Basic angle, a = 48.6°
= 6=180°+48.6°,
0 6=228.6°

311.4°

360° -48.6°
(Ans).

W CORNER

/A

48.6°

Question 40

where a, b and ¢ are positive constants.

(a) State the values of a, b and c.

interval 0< x <277 for each of the following equations:
(i) asin(bx)+c=7-x

(ii) asin(bx) +c=2/mx-1).

d/ 0\ [\

JL [\

: \ |/ \ ./
NN,
= 7 } T

The diagram shows the curve with equation y =asin(bx)+c for 0<x<27m,

(3]

() For these values of a, b and ¢, determine the number of solutions in the

(1]

(1]
[N24/P1/Q1]

Suggested Solution:

(a) y=asin(bx)+c
a is amplitude of the curve
O a=7-3=4
From graph period = 77

= b:2_7T22
T

¢ = vertical translation of 3 units, = ¢=3

O a=4, b=2, ¢c=3 (Ans).

\

48.6°
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®) () asinbx)+c=7-x = y=T7-x Y

/

/)|/:2n(x‘— 1)

The line y =7 — x, cuts the graph
at 5 points

8
7
[0 Number of solutions =5 (Ans). 6
J/ L [\
4
3
2

(i) asin(bx) +c = 271(x~1) / \/ T~/ \
= y=2mx-1) [
The line y = 271(x —1) cuts the / y=T-x

graph at one point 1 / \ / \\\/
[0 Number of solutions =1 (Ans). 0 / \ / \ 7\ o
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